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* Introduction

* Concept of global and local optima
* Weierstrass Theorem

* Review of Basic Calculus Concepts

* Optimality conditions
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Broad classification of optimizatio
methods

Optimization methods

Optimality criteria methods

Search methods

(indirect methods) (direct methods)
Constrained Unconstrained Constrained Unconstrained
problem problem problem problem
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Classification of optimization3
methods

Optimality Criteria Methods—Optimality criteria are the conditions a
function must satisfy at its minimum point.

* Optimization methods seeking solutions to the optimality conditions
are often called optimality criteria or indirect methods.

* Search Methods—Search (direct) methods are based on a different
philosophy.

* You start with an estimate of the optimum design for the problem,
which, usually, does not satisfy the optimality criteria.

* The design is improved iteratively until they are satisfied.

e Thus, in the direct approach we search the design space for
optimum points.
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Definitions of Global and Local
Minima
* Problem Definition: Find design variable vector x to
minimize a cost function f(x) subject to the equality

constraints hj(x) =0, ] =1 to p and the inequality
constraints gi(x) <0, i =1 tom.

* Feasible set (constraint set, feasible region, feasible
design space) S:

S={xhi0=0,j=1top; g)=0; i=Ttom)
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Definitions of Global and Local
Minima

N=[xxeSwith [x=x"(| <4}

60,

Slide 6 of 81



9/24/2016

Unconstrained Minimum for
Constrained Problem

Solution

Unconstrained Minimum for a Constrained Problem

Minimize ) " N 15-
fix,yi=(x—4y +w—86y (a) \
subjestto gi=x+y—12s0 t) .
f=x-8=0 () 107 @
f=—r=0(x=0) (dy ﬁ
= =y=0{y=0) fe) <:)
5,
Find the local and global minima for the function fix.y) using the graphical method @ e \
0 &
| I I
-2 0 2 4 6 8 10 12 14 16
x1
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Constrained Minimum Solution
Constrained Minimum
Minimize 15t
fix v =(x = 108 + {w — 8 {a) \
gt m=x+y-12=0 by gt
g1=x—8=0 i) 10r @
f==x=0(x=0) (d) ~ £
>
au=-ys0(y=0) e)
5,
@ Feasile Region
0 £
. | N
2 0 2 4 6 8 10 12 14 16
x1
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Use of Definition of Maximum Poin Solution
Maximum Point
Maximize 15-
fle i =ix - 4F + 1y — 68 (a) \
subject to N e Point A0, 0): f0, 0) =52
s=xty—12=0 ) 10- s @ Point B(0, 12): fi0, 12) = 52
fa=x=8=0 (« Poit D8, 0): i8, 0) = 52
f=—x=0{xr=0) (d) N
>
fi=—y=s0(y=0 e} 5-
@ s e g
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Existence of a Minimum

¢ Weierstrass Theorem—Existence of a Global Minimum

If f(x) is continuous on a nonempty feasible set S that is
closed and bounded, then f(x) has a global minimum in
S.

* Closed and bounded set:

— Aset Sis closed if it includes all of its boundary points and every
sequence of points has a subsequence that converges to a point
in the set.

- A setis bounded if for any point, x € S, X" < ¢, where c is a finite
number.
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Existence of a Global Minimu
using Weierstrass Theorem

Consider a function f(v)=~1/x defined on the set S= v | 0 < x = 1}. Check the existence of

a global minimum for the function.

¢ |f Weierstrass theorem is satisfied, the existence of a
global optimum is guaranteed.

* However, when it is not satisfied, a global solution may
still exist; i.e., it is not an “if-and-only-if” theorem.

¢ Minimize f(x) = x2

subjectto -1 <x<1.
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Review of Basic Calculus Concept

¢ Gradient Vector: Partial y
Derivatives of a
Function A0 feraree  deen”

o= Vfix) =

— Geometrically, the
gradient vector is normal

to the tangent plane at i
the point x*. ey
— Also, it points in the o
direction of maximum g
increase in the function. =
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EXAMPLE 4.5 CALCULATION OF A GRADIENT VECTOR

Calculate the gradient vector for the function fix) = (5, — 17 + (x: — 17 at the point x* = (1§, 16).

i
Gradient vector
¢

E ful -
Zasio=2m-n=218-1=16 (2] =\
o ; .
¥ 2, AN (1818)
(1816 =20 -1)=216-1)=12 / 1 66
o f \

1 i '._.. Tangent

SR =y =17+ = 1
~ : —x
0 1 2 3
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Review of Basic Calculus Concept

¢ Hessian Matrix: Second-Order Partial Derivatives

af #f &Ff
g enen T dndr,
2 #f
1 _ | dndn &3
i s
&f &#f &f
Oty Oty g

* The Hessian is always a symmetric matrix.

Slide 17 of 81

Review of Basic Calculus Concept#

For the following function, calculate the gradient vector and the Hesslan matrix at the
point (1, 2k

fl=x + 5+ 20 4+ 33 —nn +2n +40 ()
Silution
The first partial derivatives of the function are given as

= = Aa] Ay - == =3 g — 44

Substituting the point 2y = 1. 1 = 2. the gradient vector is given as ¢ = (7, 270,
The second partial derivatives of the function are calculated as

1 S

Therefore, the Hesstan matrix is gi

_[ox +4 1
Hox) [ —1 oo ]
The Hiessian matrix at the point (1, 2) is given as

Hi1,2) = [_'“ = ]

1 18
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Review of Basic Calculus Concept Review of Basic Calculus Concep

* Taylor's Expansion

— A function can be approximated by polynomials in a « Tavior . . tri tation:
neighborhood of any point in terms of its value and derivatives aylor's expansion In matrix notation:

using Taylor’s expansion.
1edveds
5

- For a function of one variable: 5
flxy.xa) = f(x}.23)
o dfix") i, e
flxy=fla") + —o—lx=x) + 5 “fx—2F+R
i 2
" dfx") 1 f(x )itsr =
&+ =)+ Sd b y—gard + R fix* + d)=f(x")+ ¥f7d + =d"Hd

where x=(1, x2), x* =(tf, ), x—x*=d, and H is the 2% 2 Hessian matrix.

flxixg) = fixf 3 + —dy + ——ddy +
2) ¥+ 3 2
¥ 1.7
Af=vf'd+ ;d' Hd+R
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Example: Taylor's Expansion of d

Review of Basic Calculus Concep
Function of One Variable

* Taylor’'s expansion in matrix notation: . .
v P Approximate f(x) = cosx around the point x*= (.
Af=Vf'd+ LdTHd + R
2 Solution
Derivatives of the function f{x) are given as
‘% ==sinx, -';_— == QORY ia)
£ ax*

Bf = VfTox = vf

Therefore, using Eq. (4.9), the second-order Taylor's expansion for cosy at the point x* =0 is

Hiven as
1 2 13
cosx == cos 0 =sin Ox =0)+ S(=cos Ofx=0F =1= -2 ib)
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Example : A Linear Taylor’s
Expansion of a Function

Obtain a linear Tavlor's expansion for the function

Example: Taylor’'s Expansion of a
Function of Two Variables

=42l —dn =20 +4 {a)

Obtain a second-order Taylor's expansion for the function f(x) = 3t at the point x*=(1, 1). fx)
at the point x* = (1, 2L Compare the approximate function with the original function in a neigh-

borhood of the point (1, 2).

Solurian
The gradient and Hessian of the function fix} at the point +* = (1,1} using Eqs. (45) and (4.5)
Sarluatiomn
o The gradient of the function at the point (1, 2) ks given as
| g 9] [ : L £
ftx) = L[] L [0]. g [1Bin o] 18 @ y
P g | = | A l [a_!' H=llee” w'|"[9 0 ) . B e —a)] L [-2 .
fry FE= | oy [41. -2 [ 2 ARE
Substituting theso in the matrix form of Taylors cxpression ghven in Eq. (412), and using i
s Sinew {1, 2) = 1, Eq, (4.13) gives & linear Taylos's approximation for fixh as
(&

d = x — x* we obtain an approximation fix} for fix} as
= o1 fim -1y i lr]"m 9] [tn Foch =1 41—
fea -"[‘..,n_-—nl' Iu—lr |9 u”;. —|n] &)
2 5 T s howe accurately 7ix) approsimates the original (i) in the neighborhood of (1, 20, we cal-
where flx') = 3 has been usod, Simplifying the expresion by expanding vector and matrix pro- culate the func at the point (1.1, 223, a 10 percent change in the point as fix) =1.20 a
ducts, we obtain Taylor's expansion for fix) about the point (1, 1) as flx) = 1.25. We see that the approximate function underestimates the
An wrror of this magnitude is quite scooptable in many applica
orrors will be different for differont functions and can be larger for highly nonlinear functions.

fch

fiach =9 + Gz — 1wy — 6z + 9
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Review of Basic Calculus Concept

¢ Quadratic Form

Fix) =% + 202 + 3d + Znyry + 2y + 2wy

Fix) = EEJI.J,\.
im]j=i

flxrva) = fla. x50
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Review of Basic Calculus Concept

* The Matrix of the Quadratic Form
F(x)=x"Px

* P (an nxn matrix) is called the matrix of the quadratic
form F(x).

e There are many matrices associated with a quadratic
form. However, there is only one symmetric matrix
A= _I||I’ £ PT) or ay 111-: pid if=1ton

associated with it.
Fixy=x"Ax
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Example: A Matrix of Quadratic
Form

Identify a matrix associated with the quadratic form:

P(x],xz,x3)=2x% + 21’,])52 +41]x3 - 6}5%*412:(3 +5x§

Salvtion
Writing F in i masiin dorm (30 = V'L, s st

o m ) i
pelisa .I.l o |5 "
" | 1 a8
-%Ji (B
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Review of Basic Calculus Conceptg |

* Form of a Matrix

* Quadratic form F(x) = xTAx may be either positive,
negative, or zero for any x.

Positive Definite. F(x) > 0 for all x # 0.

Positive Semidefinite. F(x) = 0 for all x # 0.

Negative Definite. F(x) < 0 for all x # 0.

Negative Semidefinite. F(x) < 0 for all x # 0.

Indefinite. The quadratic form is called indefinite if it is positive
for some values of x and negative for some others.

arN =
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Example: Determination of Form of

Matrix
Determine the form of the following malrices:
200 51! 1 o
MA=|0 4 0 WA= 1 =1 0
003 o 0 -1

Selution
The quadratic form associated with the matrix () is always positive because
T Ax= (207 +4xd +35)= 0 (b)
unless 1y =13 = x3 =0 {x = 0). Thus, the matrix is positive definite.
The quadratic form associated with the matrix (i) is negative semidefinite, since

TAx= (=2 =5 + 202 — ) = -1~ (n - %1 =0 i<}

for all x, and x"Ax =0 when 1y =0, and 1, =1 (eg, x 1, ). The quadratic form is not nega-
tive definite but is negative semidefinite since it can have a zero value for nonzero x. Therefore,
the matrix assoclated with it is also negative semidefinite.
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Methods for checking positive
definiteness or semidefiniteness

Theorem

cigenvalue must be zero for it to be

midefinitel.

Eigenvalue Check for the Form of a
Matrix  Let A, i=1 to n be the vigenvalues

of a symmetric 1 xn matrix A assoclated 3. . e if and ourly if all
with the quadratic form Fix) =x"Ax (since eigenvalues of A are strictly negative;
A _is symmetric, all eigenvalues are real) e, AN<=0i=1lton
The following results can be stated regard- 4. Fix) is megative semnidefinite i avd ondy if all
g the quadratic form Fix) or the rix Az eigenvalues of A are nonpositive; i.e,
A = 0,4=11ton (nobe that at least one
1. Fix) is positive definite i and only if all == L0 o oMt of 1o oo
elgenvalue must be zero for it to be
eigenvaloes of A are strictly positive; e, : £ .
A0, fud ba called negative semidefinite).
5. Fix) is indefimte if some A < 0 and some

2, Fix) is positive semidefinite if and ouly if all
g E other A =0,
eigenvalues of A are non-negative; Le.,
A= 0,0=1ton (nobe that at least one
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Use of Quadratic Forms

* The theory of quadratic forms is used in the second-
order conditions for a local optimum point.

* Also, it is used to determine the convexity of functions of
the optimization problem.
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Example: Determination of Form
of a Matrix

Determine the form of the following matrices:

200 =1 1 0
A= (0D 4 0 (i) A= 1. =1 o

003

Txpanding the determinant by the third row, we obtain

(=1 =2 =1 =AF = 1] =0 i)

Therefore, the three roots give the eigenvalues as A = -2, A= —1, and Ay =0 Since all cigenva-
lues are nonpositive, the matrix is negative semidefinite.
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Differentiation of a Quadratic For

* Often we need to find the gradient and Hessian matrix
for the quadratic form:

Fix)= X}_:_ll.:l.l.

dFix)

—— =2% mgr; or VF(x)=2Ax
o 1

FHx)

——— =2n; or H=2A
BT
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Example: Calculations for Gradien
and Hessian of Quadratic Form

Calculate the gradient and Hesslan of the following quadratic form:

Fix) =217 + 2ny3: + 40y — 603 — 4naxy + 505

Solution
DMfferentiating Fix) with respect 1o 1, 3, and 1, we get gradient components as

aF
— = {4z +2uy +dx
e

i)

Differentiating the gradkent o

Concept of Necessary
and Sufficient Conditions

* Necessary Conditions
— The conditions that must be satisfied at the optimum point are
called necessary.
- Points satisfying the necessary conditions are called candidate
optimum points.

 Sufficient Condition
- If a candidate optimum point satisfies the sufficient condition,
then it is indeed an optimum point.
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Summary of Necessary and
Sufficient Conditions

1. Optimum points must satisfy the necessary conditions.
Points that do not satisfy them cannot be optimum.

2. A point satisfying the necessary conditions need not be
optimum; that is, nonoptimum points may also satisfy
the necessary conditions.

3. A candidate point satisfying a sufficient condition is
indeed optimum.

4. If the sufficiency condition cannot be used or it is not
satisfied, we may not be able to draw any conclusions
about the optimality of the candidate point.
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Optimality Conditions:
Unconstrained Problem

‘"Mimmivv fix) without any constraints on x‘

The oplimality conditions for unconstrained or constrained problems can be used in
two ways:
1. They can be used to check whether a given point is a local optimum for the
problem.
1. They can be solved for local optimum points.
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Concepts Related to Optimality
Conditions

* You are at a minimum point x* and then examine its
neighborhood to study properties of the function and its
derivatives.

Af=f(x)—fix")=0

* X is a new point in the neighborhood of x*.
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Optimality Conditions for Functio
of a Single Variable

* First-Order Necessary Condition

1 i
flx) = fIx*y+ fix"d + 7"+ R

Afixy =[xt + l—’r"h'J.I*' + R
- It must be

Af = '\, .
non-negative

f(x*)=0
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Optimality Conditions for Functig

of a Single Variable
* Stationary Points
— Since the points satisfying f(x) = 0 can be local minima or

maxima, or neither minimum nor maximum (inflection points),
they are called stationary points.

 Sufficient Condition
Afix) = fix"uf + 1r't\'|;I: +R

1 2
Aftx)= = f(x* " + R

* This term can be positive for all d # 0 if
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Optimality Conditions for Functi
of a Single Variable

* Second-Order Necessary Condition
- Iff”(x*) = 0, we cannot conclude that x* is not a minimum point.

¢ Any point violating it cannot be a local minimum.
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Summary

1. The necessary conditions must be satisfied at the
minimum point; otherwise, it cannot be a minimum.

2. The necessary conditions may also be satisfied by
points that are not minima. A point satisfying the
necessary conditions is simply a candidate local
minimum.

3. If the sufficient condition is satisfied at a candidate
point, then it is indeed a minimum point.
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Example: Determination of Local
Minimum Points Using Necessary
Conditions

Find the local minima for the function

fix) = sinx
Selution
Differentiating the function twice,
f=cosx; f7= =sinx; (L)
Suationary points are obtained as mots of Pl = 0 Goose = 00, Thise ane
¥m2nfl +3af2 * i)
Lascal minima are identified as
x* (C}]
—sinr >0 al these potish

raph of the

hon sinx. Thene

are global maximum points where sinx has

a value of 1. AL these points, () = 0 and fix) < Q0
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Example: Determination of Local
Minimum Points Using Necessary
Conditions

Find the local minima for the function
fly=x—dx +4

Soduetion
Figure 47 shows
always has a positive value e
global minimum point for the function. Let us soe how this point will be determined using l!k
necessary and sufficient conditions.
Didferentiating the function twice,
f=2x—4 [=2 ib)

+ 4. It can be seen that the tion
ro. Therefore, this is a local as w

ph for the function fix) =

The necessary condition f* = 0 implics that x* = 2 is a stationary point, Sinoe ™0 at x* =2 {actu-

ally for all x), the sufficiency condition of Eq. (429 is sstisfiod. Therefore 3° =2 bs a local mini-
o flr). The: minimum value of fis 0 at £ =2

wwider ARy condition fior a lacal maximiom = 0 ks viokated

- it 2 cannot be al manimum point In Gt the graph

of the fundtion shows that there i no local or global maximum point for the function.
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Example: Determination of Local
Minimum Points Using Necessary
Conditions

Find the local minima for the function

fo)=2"—x-4x+4
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Example: Determination of Local
Minimum Points Using Necessary
Conditions

Find the minimal for the function
flxy =2t

Solution
Differcntiating the function tivice,
[=42; f=12¢ (b)

The necessary condition gives x* =0 a5 a stationary point. Since %) =0, we canpol conclude
from the sufficiency condition of Eq. (4.25) that 1* is a minimum point. However, the second-
order necessary condition of By, possability of x*
being a minimum point. In fact, a graph of fix) versus x will show that x* is indeed the global
minimum point. f~ = Mx, which is zero at x* =0, f™{x") = 24, which is strictly greater than zero.
Therefore, the fourth-order sulficiency condition s satisfied, and 3* =0 i indeod a local mini-
mum point. It is actually a global minimum point with f0) =L
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9} 1 satisfied, so we cannot rule out @

Optimality Conditions for Functi
of Several Variables

fixh=fix*) + Vfix")'d + ;I;dll'llt’ld +R

Af =Vfix")'d+ sd"Hix")d + R

=
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Optimality Conditions for Functig

of Several Variables
Theorem

and Sufficient Conditions for

Hix"} ib)

Lot

Necessary condition. If Hx) has a local

minimum at x* then i= positive semidefinite or positive

eer - definite at the point x*.
T Lo {a) Secoid-order sufficicncy condition. If the
_ matrix Hix®) is positive definite at the
Secomd-order necessrry condition. If fix) has a

; stationary point x*, then x* is a local
kocal minimum at x*, then the Hessian

minimum point for the function fix)

matrix of Eq. (4.8)

* If H(x*) x* is indefinite, then x* is neither a local minimum nor a local
maximum point because the second-order necessary condition is violated
for both cases.

* Such stationary points are called inflection points.
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Summary of Optimality condition
for unconstrained problems

Fumction of one variasble minimize fix) Function of several variable minimize fix)

' o a lovcal mddmvusn:
definite

H st be positi
Savond-oeider A for a local mandmism
H st be pegative defi

e for & local ménkmam
s be cven-andes

and positive

Slide 49 of 81

Example: Effects of Scaling or
Adding a Constant to The Cost
Function

Diiscuss the effect of the preceding variations for the function flx) = ' = 2¢ 42,

Flxy L
a 0 =x*—2x+2)+ 1
1 E * El E3 *
= @)
oo oo
roo = 2T —ox v 2 roo = —x®—zx - 2
B -
s
At - =
P =S
T ; >
1 E3 - H *
— L ™
= @
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Example: Local Minima for a Function
of Two Variables using Optimality
Conditions

Find local minimum points for the fanction

fix) =23 #2vyrs + 2 — 2oy + 2 + 8
1 1

Solution
The necessary conditions for the problem give
o _[@n+25-2]_[0
2 +4n+1)] |0

&
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Example: Numerical Solution to Necessar
Conditions

Find stationary points for the following function and check the sufficiency conditions for
them:

1,
fi)= 30 + cosx fa)

The necessary condition is 2
fix)= zx—sinc=0

x* = 149 and x* = —1.4% satisfy ['lx} =0

To determine whether they are local minimum, maximum, or inflection points, we must
determine [~ at the stationary points and use the sufficent conditions of Theorem 4.4. Since
f"=2/3= coax, we have

L a*=0;f = =1/3 < 0, 50 this is a local maximum with fil) = 1.
2 xt =149 =0. 0, 50 this is a local minimum with [{1.496) = 0.521.
3 2= =1.4%; " = (592> 0, 5o this is a local minimum with f{—1.49) = 0.821.
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Example: Local Minima for a Function of
Variables using Optimality Conditions

Find a local minimum point for the function

4 % 10°)
fix)=1x; + ———— +250x;
Tidy
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Necessary Conditions: Equality-
constrained Problem

TABLE 4.2 General design optimization model

Design variable vector ~ x=(x, X5, ..., X;)
Cost function fx)=flxy,x2, ..., x,) (4.35)
Equality constraints hitx)=0; i=1ltop  (4.36)

Inequality constraints &0 =0; i=ltom (437)
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Lagrange Multipliers

*REGULAR POINT Consider the constrained optimization problem of minimizing f(x)
subject to the constraints i{x)=0, 1=1to p. A point x* satisfying the constraints h(x*) =0
is said to be a reqular point of the feasible set if fix*) is differentiable and gradient vectors
of all constraints at the point x* are linearly independent. Linear independence means that
10 two gradients are parallel to each other, and no gradient can be expressed as a linear
combination of the others (refer to Appendix A for more discussion on the linear indepen-
dence of a set of vectors). When inequality constraints are also included in the problem
definition, then for a point to be regular, gradients of all of the active constraints must also
be linearly independent.
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Lagrange Multipliers and their
Geometrical Meaning

Mainize ) 3
1= 13 +(0 - 157

X3 7 Minimum peint C
75 x=(1,1)
T fx =05

subiet b g exquality coretraint:

M) =n +13-2=0

Xz = i)

n=dnl==-n+2

Minimize
| e

fix ) =(x = 157 +(=x; + 2~ 1.5
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Lagrange Multipliers and their
Geometrical Meaning

Menimise ; ;
fln m =i = 157 0 - 15°
subject b am exquality constraint
Mn.ni=n
Minimize

flxr, #dm)

dfixy, x3) _ Bix, x3) A dfixy, xaddzy
dxy o dry o

o)
o0
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Lagrange Multipliers and their
Geometrical Meaning

dhixg ) Wrgsd) | e :;; ==
dx, T T dn 1

Necessary
conditions

h(x, x2)=0
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Lagrange Multipliers and their
Geometrical Meaning

Lixy, x5, 00 = f(xy, X3) #0001, 13) oy Lagrangian/Lagrange function

Viix")

At the candidate minimum : gradients of the cost and
constraint functions are proportional to each other, and the Lagrange
multiplier v is the proportionality constant.

Lagrange multiplier for the equality constraint is free in sign; that is, the sign is
determined by the form of the constraint function.
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Lagrange Multiplier Theorem

Cost function fix) = fixy, ¥z, I 14.35)

Equality constraints hgx) =0 =1 top i4.36)

Lagrange Multiplier Theorem Consider the It is convenient to write these conditions

optimization problem defined in Eqs. (4350 in terms of a Lagrange function, defined as
and (4.36) .
i Lixov) = fixd+ 3 oyhin)
Minimize fix} — (640
subject o equality constraints fix)+ vThix)
hix)=0, i=1ltop
Then Eq, (4.38) becon
Let x* be a regular point that is a local ot
minimum for the problem. Then there exist VLix*. ¥") =0, or b 0
unique Lagrange multipliers o, j=1 to p “4n
such that 1= e
ix) -y Differentiating Lix, v) with respect o o,
e O i=1ton (438} we recover the equality constraints as
hix")=0; j=1top {439 Dasfdx* ) =1k j=1top (442)
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Lagrange Multiplier Theorem

* The gradient of the cost function is a linear combination
of the gradients of the constraints at the candidate
minimum point.
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Necessary Conditions for a Gener
Constrained Problem
* Note that the inequality constraint may be active or
inactive at the minimum point.

* How do we determine the status of an inequality at the
minimum point?
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Example: Active Inequality

Minimize B B
fix)={x; = 1.5 +{x; — 1.5

subject to
oo pixl=n+n-2 = 0

Si)=—-x =0 px)=-1=0

- Cost funetion

% f=0.75
——F  contours

Minirmum point
i =y
fix*) =05

Foasible |~
ragion

o]

_Bi=kex—2s0

-

3
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Example: Inactive Inequality

Mindmbze
fix) =1(x; — 05 + (x; — 058

subject o
fl)=n+x3—-2 =0

) =—-1 =0 plix}=-x; =0
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Example: Infeasible Problem
Minimize ~ -
Ax)=(x; =27 +{x =2F

subject to the constraints:
nx)=n+x-250

flx)=—n +r;+3=0

Bix)= =x; =0; gyfx)= —-xy =0

*
i
34
|
=0 $=0
2/ \V 4
i Infeasibie g
1 N 7
§50 71
ge=0
=== = 2 i
¥ 1 2 3 4
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Karush-Kuhn-Tucker Necessary

Conditions
Design variable vector = 0ry, Xa .. X))
Fix) = fixy. 3y, ) (435
hixp=0 i=1ltop (4.36)
Inequality constraints gisl i=ltom (437)

2/(x) +5,=0

* When s; = 0, inequality is called an active (tight)
constraint.

* When s; > 0, the constraint is a strict inequality (inactive).
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Karush-Kuhn-Tucker Necessary
Conditions

uy* =0 j=ltom

* The Lagrange multiplier for each “<” inequality constraint
must be non-negative.

* If the constraint is inactive at the optimum, its associated
Lagrange multiplier is zero.

* Ifitis active, then the associated multiplier must be non-
negative.
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Example: Inequality-constraine
Problem— Use of Necessary
Conditions

Minimize . -
fley, x30 = (xy = 1L5)" + (x; = 1.5

subject to

gx)=x +x;—-2 =0
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Example: Inequality-constraineg
Problem— Use of Necessary
Conditions

fixy.xa) = (xy = 155 + (x3 = 1.5°

Minimize

subject to
gx)=x +x;—-2 =0

L=(x; =157 + {r; = 157 + ulx; + 13 =2 +57)

oL
= =2y 15 +u=0
oxy
i
c—m Ny =15 +u=0
xy
1
',—"—\,u:-;-u!—u
ol

&L o aus=0

o5
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Karush-Kuhn-Tucker Optimalit
Conditions

Let x* be a regular point of the feasible set
that is a local minimum for f(x), subject to
hO)=0; i=1 to p; gi)=0; j=1 to m.
Then there exist Lagrange multipliers v* (a
p-vector) and wu* (an mi-vector) such that
the Lagrangian function is stationary with
respect to x;, v, u;, and s; at the point x*.

fior the Problem

wndard Form:;

1. Lagrangian Funct
Written in Hhe £

Lix.voush = fix)+ 3 nhiix)

+ Y wigin+ )

= fix)+ v hix) + w'(glx) +57)
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Karush-Kuhn-Tucker Optimalit
Conditions

3. Feasibility Check for Inequalities:

2. Gradiemt Cowditions

i 5 =0; or equivalently g =0
i i=1tom
1ton
4. Sewitching Conditions:
. L .
Desfyix®) =0 i=ltop — = 0=2us=0; [=1tom

D= (gix' ) +5)=0; j=ltom

6. Regularity Cheok: Gradients of the active
5. Non-megativity of Lagrange Multipliers for constraints must be linearly independent
Tnequialitios: In such a case the Lagrange multipliers

for the constraints are unigque.

W=l j=ltom
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Geometrical Meaning of the Grad
Condition

Grandient Conditions:

L
B
k=Tton
af oy = 0w
== + % == j=lton
ox ‘—T ox

* At the stationary point, the negative gradient direction
(steepest-descent direction) for the cost function is a
linear combination of the gradients of the constraints.
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Important Observations about K
Conditions

1. The KKT conditions are not applicable at the points that are not
regular.

2. Any point that does not satisfy the KKT conditions cannot be a local
minimum point unless it is an irregular point.

3. The points satisfying the KKT conditions can be constrained or
unconstrained.

4. If there are equality constraints and no inequalities are active (i.e., u

= 0), then the points satisfying the KKT conditions are only
stationary.

5. If some inequality constraints are active and their multipliers are
positive, then the points satisfying the KKT conditions cannot be
local maxima for the cost function.
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Summary of the KKT Solution:
Approach

1. The conditions can be used to check whether a given
point is a candidate minimum.

2. Several cases defined by the switching conditions must
be considered and solved.

3. For each solution case, remember to:
— Check all inequality constraints for feasibility (e.g., g <0 ors =
0).
— Calculate all of the Lagrange multipliers.
— Ensure that the Lagrange multipliers for all of the inequality
constraints are nonnegative.
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Example: Solution to KKT Necessal
Conditions

Write the KKT necessary conditions and solve them for the problem

Minimize 1 1
fix) = 3.1‘— it]'-—ﬂl“+h'r‘|’.| (a)

subject b
ik a=y=d b}

where 0 <a < b < ¢ < d and fo are specified constants (created by Y. S Ryul.,

fix)
.
B
| e !".IJ
1374
T b ] =
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Example: Solution to KKT Necessal |
Conditions

ni=a=x=s0; g=x-d=0

1 1 1 3 2

L= 3.\' = i+ ol Hhex+fo + o = x + )+ olx —d +55)
oL 5
—==r —=b+chx+bh-u+u=0
ax

{a—x)+5 =0, 0 (x—d)+si=0,s=0
s =0 s=0
=0 m=0
L 1 L &, Case 2: u L/ L Case 3: #; |I. gz =0, Case 4: 5 0 s =0
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Example: Solution to KKT Necess
Conditions

Solve the KKT condition for the problem:
Minimize T
fixy=x] + 5 =3ux

subject to o
g=n+8-6=0
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Example: Solution to KKT Necessa
Conditions

Solve the KKT condition for the problem:

Minimize T
fixy=x] + 5 =3ux

subject to Rs

g=x+m-6=0

L=x+2 —3nn +ulx + 13 =6+

oL
£ = 24y —3up + 2uny =0

&n

il

ey =3y + iz =0

B+d -6+ =0, F20, u=0

w=0
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Solution to optimality conditiore
using MATLAB

(1) = Xy, x(2) = xs, 23) = u, and x(4) =5
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Assignment

* Arora Chapter 4:

— Problems 4.27, 4.28, 4.29, 4.42, 4.50, 4.52, 4.59, 4.61, 4.82.
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Limitation of the KKT Solutiore
Approach

e Addition of an inequality to the problem formulation
doubles the number of KKT solution cases.
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