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Lecture 06: Optimality 
Conditions
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• Introduction

• Concept of global and local optima

• Weierstrass Theorem

Re ie of Basic Calc l s Concepts
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• Review of Basic Calculus Concepts

• Optimality conditions

Broad classification of optimization 
methods
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Classification of optimization 
methods

• Optimality Criteria Methods—Optimality criteria are the conditions a
function must satisfy at its minimum point.

• Optimization methods seeking solutions to the optimality conditions
are often called optimality criteria or indirect methods.

• Search Methods—Search (direct) methods are based on a different
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( )
philosophy.

• You start with an estimate of the optimum design for the problem,
which, usually, does not satisfy the optimality criteria.

• The design is improved iteratively until they are satisfied.

• Thus, in the direct approach we search the design space for
optimum points.

Definitions of Global and Local 
Minima

• Problem Definition: Find design variable vector x to
minimize a cost function f(x) subject to the equality
constraints hj(x) = 0, j = 1 to p and the inequality
constraints gi(x) ≤ 0, i =1 to m.
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• Feasible set (constraint set, feasible region, feasible
design space) S:

Definitions of Global and Local 
Minima
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Unconstrained Minimum for a
Constrained Problem

Bangladesh University of  Eng. & Tech.                                                                     Industrial &Production EngineeringSlide 7 of 81

Solution

10
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 Unconstrained Minimum for a Constrained Problem
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Constrained Minimum
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Solution
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Use of Definition of Maximum Point
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Solution

10

15
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Maximum Point
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Existence of a Minimum

• Weierstrass Theorem—Existence of a Global Minimum

If f(x) is continuous on a nonempty feasible set S that is
closed and bounded, then f(x) has a global minimum in
S.
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• Closed and bounded set:
– A set S is closed if it includes all of its boundary points and every 

sequence of points has a subsequence that converges to a point 
in the set.

– A set is bounded if for any point, x ϵ S, xTx < c, where c is a finite 
number.

Existence of a Global Minimum 
using Weierstrass Theorem

If Weierstrass theorem is satisfied the e istence of a
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• If Weierstrass theorem is satisfied, the existence of a
global optimum is guaranteed.

• However, when it is not satisfied, a global solution may
still exist; i.e., it is not an “if-and-only-if” theorem.

• Minimize f(x) = x2

subject to -1 < x < 1.

Review of Basic Calculus Concepts

• Gradient Vector: Partial 
Derivatives of a 
Function

– Geometrically, the 
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gradient vector is normal 
to the tangent plane at 
the point x*.

– Also, it points in the 
direction of maximum 
increase in the function.

Review of Basic Calculus Concepts
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Review of Basic Calculus Concepts

• Hessian Matrix: Second-Order Partial Derivatives
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• The Hessian is always a symmetric matrix.

Review of Basic Calculus Concepts
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Review of Basic Calculus Concepts

• Taylor’s Expansion
– A function can be approximated by polynomials in a

neighborhood of any point in terms of its value and derivatives
using Taylor’s expansion.

– For a function of one variable:
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– For a function of two variables:

Review of Basic Calculus Concepts

• Taylor’s expansion in matrix notation:
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Review of Basic Calculus Concepts

• Taylor’s expansion in matrix notation:
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Example: Taylor’s Expansion of a 
Function of One Variable
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Example: Taylor’s Expansion of a 
Function of Two Variables
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Example : A Linear Taylor’s 
Expansion of a Function
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Review of Basic Calculus Concepts

• Quadratic Form
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Review of Basic Calculus Concepts

• The Matrix of the Quadratic Form

• P (an n×n matrix) is called the matrix of the quadratic

Bangladesh University of  Eng. & Tech.                                                                     Industrial &Production EngineeringSlide 26 of 81

• P (an n×n matrix) is called the matrix of the quadratic
form F(x).

• There are many matrices associated with a quadratic
form. However, there is only one symmetric matrix
associated with it.

Example: A Matrix of Quadratic
Form
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Review of Basic Calculus Concepts

• Form of a Matrix

• Quadratic form F(x) = xTAx may be either positive,
negative, or zero for any x.

1. Positive Definite. F(x) > 0 for all x ≠ 0.
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2. Positive Semidefinite. F(x) ≥ 0 for all x ≠ 0.
3. Negative Definite. F(x) < 0 for all x ≠ 0.
4. Negative Semidefinite. F(x) ≤ 0 for all x ≠ 0.
5. Indefinite. The quadratic form is called indefinite if it is positive

for some values of x and negative for some others.

Example: Determination of Form of a 
Matrix
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Methods for checking positive 
definiteness or semidefiniteness

Theorem
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Use of Quadratic Forms

• The theory of quadratic forms is used in the second-
order conditions for a local optimum point.

• Also, it is used to determine the convexity of functions of
the optimization problem.
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Example: Determination of Form 
of a Matrix
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Differentiation of a Quadratic Form

• Often we need to find the gradient and Hessian matrix
for the quadratic form:
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Example: Calculations for Gradient 
and Hessian of Quadratic Form
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Concept of Necessary
and Sufficient Conditions

• Necessary Conditions
– The conditions that must be satisfied at the optimum point are

called necessary.
– Points satisfying the necessary conditions are called candidate

optimum points.
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• Sufficient Condition
– If a candidate optimum point satisfies the sufficient condition,

then it is indeed an optimum point.

Summary of Necessary and 
Sufficient Conditions

1. Optimum points must satisfy the necessary conditions.
Points that do not satisfy them cannot be optimum.

2. A point satisfying the necessary conditions need not be
optimum; that is, nonoptimum points may also satisfy
the necessar conditions
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the necessary conditions.

3. A candidate point satisfying a sufficient condition is
indeed optimum.

4. If the sufficiency condition cannot be used or it is not
satisfied, we may not be able to draw any conclusions
about the optimality of the candidate point.
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Optimality Conditions:
Unconstrained Problem
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Concepts Related to Optimality 
Conditions

• You are at a minimum point x* and then examine its
neighborhood to study properties of the function and its
derivatives.
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• x is a new point in the neighborhood of x*.

Optimality Conditions for Functions 
of a Single Variable

• First-Order Necessary Condition
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It must be 
non-negative

Optimality Conditions for Functions 
of a Single Variable

• Stationary Points
– Since the points satisfying f’(x) = 0 can be local minima or

maxima, or neither minimum nor maximum (inflection points),
they are called stationary points.

• Sufficient Condition
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Sufficient Condition

• This term can be positive for all d ≠ 0 if

Optimality Conditions for Functions 
of a Single Variable

• Second-Order Necessary Condition
– If f’’’(x*) = 0, we cannot conclude that x* is not a minimum point.
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• Any point violating it cannot be a local minimum.

Summary

1. The necessary conditions must be satisfied at the
minimum point; otherwise, it cannot be a minimum.

2. The necessary conditions may also be satisfied by
points that are not minima. A point satisfying the
necessar conditions is simpl a candidate local
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necessary conditions is simply a candidate local
minimum.

3. If the sufficient condition is satisfied at a candidate
point, then it is indeed a minimum point.
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Example: Determination of Local 
Minimum Points Using Necessary 

Conditions
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Example: Determination of Local 
Minimum Points Using Necessary 

Conditions
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Example: Determination of Local 
Minimum Points Using Necessary 

Conditions
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Example: Determination of Local 
Minimum Points Using Necessary 

Conditions
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Optimality Conditions for Functions 
of Several Variables
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Optimality Conditions for Functions 
of Several Variables

Theorem
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• If H(x*) x* is indefinite, then x* is neither a local minimum nor a local
maximum point because the second-order necessary condition is violated
for both cases.

• Such stationary points are called inflection points.
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Summary of Optimality conditions 
for unconstrained problems
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Example: Effects of Scaling or 
Adding a Constant to The Cost 

Function
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Example: Local Minima for a Function
of Two Variables using Optimality

Conditions
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Example: Numerical Solution to Necessary 
Conditions
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Example: Local Minima for a Function of Two 
Variables using Optimality Conditions
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Necessary Conditions: Equality-
constrained Problem
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Lagrange Multipliers
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Lagrange Multipliers and their
Geometrical Meaning
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Lagrange Multipliers and their
Geometrical Meaning

Bangladesh University of  Eng. & Tech.                                                                     Industrial &Production EngineeringSlide 57 of 81

Lagrange Multipliers and their
Geometrical Meaning
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Necessary 
conditions

Lagrange Multipliers and their
Geometrical Meaning

Lagrangian/Lagrange function
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At the candidate minimum : gradients of the cost and
constraint functions are proportional to each other, and the Lagrange

multiplier v is the proportionality constant.

Lagrange multiplier for the equality constraint is free in sign; that is, the sign is 
determined by the form of the constraint function.

Lagrange Multiplier Theorem
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Lagrange Multiplier Theorem

• The gradient of the cost function is a linear combination
of the gradients of the constraints at the candidate
minimum point.
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minimum point.

Necessary Conditions for a General
Constrained Problem

• Note that the inequality constraint may be active or
inactive at the minimum point.

• How do we determine the status of an inequality at the
minimum point?
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Example: Active Inequality
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Example: Inactive Inequality
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Example: Infeasible Problem
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Karush-Kuhn-Tucker Necessary 
Conditions
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• When si = 0, inequality is called an active (tight)
constraint.

• When si > 0, the constraint is a strict inequality (inactive).
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Karush-Kuhn-Tucker Necessary 
Conditions
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• The Lagrange multiplier for each “≤” inequality constraint 
must be non-negative. 

• If the constraint is inactive at the optimum, its associated 
Lagrange multiplier is zero.

• If it is active, then the associated multiplier must be non-
negative.

Example: Inequality-constrained 
Problem— Use of Necessary 

Conditions

Bangladesh University of  Eng. & Tech.                                                                     Industrial &Production EngineeringSlide 68 of 81

Example: Inequality-constrained 
Problem— Use of Necessary 

Conditions
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Karush-Kuhn-Tucker Optimality 
Conditions
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Karush-Kuhn-Tucker Optimality 
Conditions
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Geometrical Meaning of the Gradient 
Condition
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• At the stationary point, the negative gradient direction
(steepest-descent direction) for the cost function is a
linear combination of the gradients of the constraints.
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Important Observations about KKT 
Conditions

1. The KKT conditions are not applicable at the points that are not
regular.

2. Any point that does not satisfy the KKT conditions cannot be a local
minimum point unless it is an irregular point.

3. The points satisfying the KKT conditions can be constrained or
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p y g
unconstrained.

4. If there are equality constraints and no inequalities are active (i.e., u
= 0), then the points satisfying the KKT conditions are only
stationary.

5. If some inequality constraints are active and their multipliers are
positive, then the points satisfying the KKT conditions cannot be
local maxima for the cost function.

Summary of the KKT Solution 
Approach

1. The conditions can be used to check whether a given
point is a candidate minimum.

2. Several cases defined by the switching conditions must
be considered and solved.
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3. For each solution case, remember to:
– Check all inequality constraints for feasibility (e.g., gi ≤ 0 or si ≥

0).
– Calculate all of the Lagrange multipliers.
– Ensure that the Lagrange multipliers for all of the inequality

constraints are nonnegative.

Example: Solution to KKT Necessary 
Conditions
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Example: Solution to KKT Necessary 
Conditions
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Example: Solution to KKT Necessary 
Conditions
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Example: Solution to KKT Necessary 
Conditions
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Solution to optimality conditions 
using MATLAB
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Limitation of the KKT Solution 
Approach

• Addition of an inequality to the problem formulation
doubles the number of KKT solution cases.
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Assignment

• Arora Chapter 4:
– Problems 4.27, 4.28, 4.29, 4.42, 4.50, 4.52, 4.59, 4.61, 4.82.
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